This question paper contains 7 printed pages]

Roll No.
S. No, of Question Paper
] Unique Paper Code
Name of the Paper
Name of the Course
Semester

Duration : 3 Hours

2248

32351201 IC

Real Analysis

B.Sc. (H) Mathematics

Maximum Marks :

75

(Write your Roll No. on the top immediately on receipt of this question paper.)
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There are internal choices in Q. Nos. 2-5.

l. Prove or disprove :

6%x2=15

|
(@) Ifxe R.x>0,then; > 0.

(k) If s is an upper bound of a non-empty set S such that

s € S, then s = sup S.

() A sequence (x,) satisfying lim (lx, , | — x,) =

convergent.

0 is

PTO.



(@ lim((@ + &")''") = b, where 0 < a < b.

oo

(&) The series (cosmx) converges for all x € R.

n=1
oo HZ” = -
()] 2" -1 73 is a convergent series.
(n + 1)
Answer any three parts : 3x5=15

(@) State and prove the Density Theorem for real numbers.

() () Leta, be R and suppose that for every € > 0,

we have g < b + £. Show that a < b.

(i) Let S be a non-empty subset of R. Show that
u € R is an upper bound of S if and only if the

conditions ¢ € R, t > u imply ¢ € S.
(¢) Let S be a non-empty bounded set in R and let b < 0.
Prove that inf (#S) = b (sup S) and sup (568) = b (infS).

(d) IfS is a non-empty subset of R, show that S is bounded
if and only if there exists a closed and bounded interval

I of R such that S ¢ L



( 3 ) 248

3. Answer any threé parts : 3x5=15

(a)

(%)

()

(d)

Find the limit of the following sequences whose nth

term is given by :

]

n
&L, h_,,,wh«ereb>1

Sy (T = ).

@y,

Prove that if a sequence (x,) is increasing and bounded
above, then it converges to u where u is the least upper

bound of the set {x, : n € N}.

If a sequence (x,) of real numbers converges to a real
number x, prove that every subsequence (x"k) of (x,)

converges to x.

State the Cauchy Convergence Criterion for sequences.

Use it to show that the sequence (x,) defined by

is convergent.

P.T.O.
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Answer any (hree parts :. 3%x5=15
(@) Use the integral test to check the convergence of the

series :

2

nlogn

(b))  When do we say that the series 'E.:: | Gn is absolutely

convergent 7 Show that the series :

5 (JrT Vi)

e = |
is absolutely convergent.
(¢)  Test the convergence of the following series :

-
n
= n

(0 Z”:l (!‘! + ])ﬂ'l
T i
s B, 1) G
(@ () Find all x € R for which the series Y, _, ™

converges.

: 2 Lis §
(if) Show that the series = log = L) e

divergent.




(a)

(1]

(i)

(0

(i)

( 5°) 2248
Let X and Y be non-empty sets and let

h: X *¥ = R have bounded range in R. Let

S:X > Rand g:Y — R be defined by

Ax) = sup tilx. ») 1y € Y},

g) = inf {Mx, y) : x € X}.

Prove that :

sup {g(¥) : ¥ € Y} <inf {fx): x € X}

Give an example of a set which has exactly two

limit points. ’ 41

Or

Show that for any real numbers p, ¢ and rational
number » such that r < p + g, there exist rational

numbers r; < p and r, < ¢ such that r = r+ory

Provide a bijection between N and the set of all
odd integers greater than 49, 32

P.TO.




248

(H IWlim (x,) = x(= 0), prove that there is a positive

number A and a natural number N such that

x| > Afor all n = N.

(i) s the sequence (x,) where

n o+ 3n’ 2
R ————— ‘
n+1
bounded ? Justify. . B
Or
Is the sequence (x,) where
" =__L+__'f___+__,__._+iﬁ
w e+l nrn+2 n +2n
convergent ? I yes. find its limit. 5

(¢) State the Alternating Series Test. Show that the series -

i; (-1)'n

2] nt 41

is conditionally convergent.

248




| 2248

o oo 2
If the series Z!‘:' aﬁ and Zn;l b, are convergent,

then prove that the series

is convergent where a,20and b, 20 forallne N .

- o a -
Hence or otherwise show that the series Z” 2 s
R

ol 2
convergent whenever ), n=1 9n is convergent. 5

7 3,500
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Section-|

1. Attempt any three parts. Each part is of § marks.

(@)  Solve the initial value problem :
(x% + n%wxy =x, 9(2)=1.

(6)  Determine the constant A in the following equation such
that the equation is exact, and solve the resulting exact

equation :

(% +3xp)de +(Ax% 4 4y)dy = 0.

PT.O.



g nE

(©)

()

Attempt any rwo parts. Each part is of § marks.

(a)

(%)

e i
( 250 2249

Solve the differential equation :

Solve the differential equation :

&y g NS
2y—=x* 4252
Ve T |

A cylindrical tank with length 5 ft and radius 3 f is situated
with its axis horizontal. If a circular bottom hole with a
radius of | inch is opened and the tank is initiqﬂ{ half
full of xylene, how long will it take for the liquid to Arain |

completely ? ' ' l

Suppose that sodium pentobarbital is used to anesthetiz. |
a dog. The dog is anesthf;rized when its bloodstream 'r
contains at least 45 milligrams (mg) of sodium pentobarbital
per Kilogram of the dog’s body weight, Suppose also that
sodium pentobarbita] is eliminated exponentially from |
the dog’s bloodstream, with a half lite of 5 hours. What
single dose should be admir;isler_ed in order to anesthetize

& 50 kilogram dog for 1 hour 2




—“@
.
( SN 2249

(¢)  Suppose that a motorboat is moving at 40 fi/sec when
its motor suddenly quits, and that 10 seconds later the - ‘
boat has slowed to 20 [U/sec. Assume that the resistance
it encounters is proportional to its velocity. How far will

the boat cast in all 2 y
Section—11

Attempt any rwo parts. Each part is of 7.5 marks.

(@) Consider the American system of two lakes : Lake Erie

feeding into Lake Ontario. Assuming that volume in each

lake to remain constant and that Lake Erie is the only source |
I
|

of pollution for Lake Ontario.

"t () Write down a differential equation describing the i |
concentration of pollution in each of two lakes, using i
the variables V for volume, F for flow, (1) for |
concentration at time r and subscripts |for Lake Erie

and 2 for Lake Ontario. !

(i))  Suppose that only unpolluted water flows into Lake

Erie. How does this change the model proposed ?

(iif)  Solve the system of equations to get expression for
the pollution concentration ¢;(#) and cy(2).

P,



®)

(c)

C 4 ) 2249

In view of the potentially disastrous effects or‘uverﬁshi_ng
€ausing a population to become extinet, Some governments
Impose quotas which vary depending on estimates of the
populatiqn at the current time, Ope harvesting model that

takes this into account js

1754 X
=== =rX|l=ta]— hx
dr rx(_ KJ o

() Find the non-zero equilibrium population,

(i) At what critical harveszing rate can extinction

occur ? .

Consider the population of the country. Assume constant
Per capita birth ang death rates and that the population
follows an €xponential growth (or decay) process. Assume
there to be significant immigration and emigration of people

into and out of the country,

) Assuming the overal| immigration and emigration
rates are constant, formulate 2 single differential

€quation to describe the Population size over time.



Caa ) 2249

(i)  Suppose instead that all immigration and emigration
occurs with a neighbouring country, such that the
net movement from one country to the another is
proportional to the population difference between

the two countries and such that people move to

the country with the larger population. Formulate
a coupled system of equations as a model for this

situation.
Section—111
Attempt any four parts. Each part is of 5 marks.

(a) Find general solutions (for x > 0) of the Euler’s

equation :
Xy Ty +25y =0.

(b) Solve the initial value problem by using the method of

undetermined coefficients :
Y +y=sinx: 0)=0,y(0)=-1.

(¢) Use the method of variation of parameters to find the

solution of the differential equation :
Y3y 42y = 4e".

P.T.O.
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(d

(e)

(" & 3 2249

A mass of 3 kg is attached to the end of a spring
that is stretched 20 cm by a force of 15 N. It is set in
motion with initial position x; = 0 and initial velocity
vy = =10 m/s. Find the amplitude, period. and frequency

of the resulting motion.

A body of mass m = 2 kg is attached to both a spring
with a spring constant k =4 and a dashpot with a damping
constant ¢ = 3. The mass is set in motion with initial
position x,, = 2 and initial velocity v = 0. Find the position
function x(¢) and determine whether the motion is
overdamped, critically damped or underdamped. If it is
underdamped, find its pseudofrequency, pseudoperiod of

oscillation and its time varying amplitude.

Section—1V

Attempt any two parts. Each part is of 7.5 marks.

(a)

Consider a simple model for a battle between two armies.
Assumed that the probability of a single bullet hitting its

target is constant, Suppose that the soldiers from the red




®)

(.7 ) 2249

army are visible 10 the blue army. But the soldiers from

the blue army are hidden.

()

(i)

Develop the model for describing the rate of change

of number of soldiers in each of the armies.

By making appropriate assumptions, extend the
mode! to include the reinforcements if both of the

armies receive reinforcements at constant rates.

Consider a disease where all those who are infected remain

contagious for life. Assume that there are no births and

deaths.

(@)

(i)

(i)

Write down suitable word equations for the rate of
change of number Susceptible and Infective and

hence develop a pair of differential equations.

Use the chain rule t0 find a relationship between
the number of susceptibles and the number of

infectives.

Draw a sketch of typical phase-plane {rajectories.
Deduce the direction of travel along the trajectories

providing reasons.

P.TO.
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Use (e, 8) definition to prove that _lim | (7x +5)=-2.
X =

Find ad >0 if e = 0.0l 6.

Let the function be defined as :

2x+3, x<4

flx)=
() '}'+E. x>4
T 5

Find the value of x (if any) at which f is not
continuous. 6

P.T.O.



(e)

(a)

)

(c)

(@)

(6)

(¢)

{ 2 ) 2293

Define uniform continuity of a function on the interval |.

I
Show that the function iy = 3 is not uniformly

centinuous on Jo, 1]. 6.

Discuss_rhe derivability of the function ;

2x =3, 0<x<2

f(x)=
x2~3,- 25 x<4

at x = 2, 6

()  State Lagrange’s Mean Value Theorem and give jts
- 8eometrical interpretation.

(i) - If fis a function satisfying all the hypothesis of
Lagrange’s Mean Valye Theorem jn [a. 5] and
S >0 vxe (a, b), then prove that £'is increasing
on [a, 4). 42

Find the asymptotes of the curve :

13+2x~v+.tyz-r2~.xy+2'-0 6
Determine the intervals of concavity and points of i flexion
of the curve

y=2x4—3x2+zr+1. 6

Prove that the curve ¥ = (_;r - a)? (¥ — 4) has at
¥ =a anode if g > b, a cusp if g = 5 and a conjugate
point if ¢ < b. 6

Trace the curye P - 32 = x4, 6



(a)

(5)

(e)

(a)

(6)

(5 3 2293

Trace the curve x = a(0 - sin 8), y = a(l - cos9),

0<0<2n 6.5

Show that :

—cos" *1 x sin™ =1y

m+n

Jl sin” xcos” x dr =

m, n being positive integers, 6.5
Find the length of the loop of the Cardioid :
r=a(l + cos0).
Or

Evaluate the definite integral :

2a

I ** \/P.a.r - x? d. 65

= =

Find the volume of the solid that is obtained when the
region under the curve y= Vx over the interval [1, 4]

is revolved about the x-axis. 6
Describe the graph of the equation :
x2 -2 x4 8y 21 =0 6

PO



(c)

(a)

(b)

(©)

(4 ) 2293

() Find an equation for the ellipse with foci (0, £2)

and major axis with end-points (0, +4).
(ify  State reflection property of a parabola. 42

Rotate the coordinate axes to remove the xy-term from the
equation x2 — xy + 32 — 2 = 0. Then identify the type
of conic and sketch its graph. 7
(/)  Find the divergence and the curl of the vector

field :

o Sy i Wl TS
F(x, 3 z)=x"yi +2y°zj +3zk

(ify  Sketch the ellipsoid :

o
L R 43
4 16 9

diF T
()  Calculate % Fx G | for vector functions :

-

- » m = o
F()=2ti +3%j+ 'k and G(t)=1"k.

_..}
—>
(i) Verify V| r H:% for the radius vector
|l
_’ ~ - -
r=xi+yj+:zk 43
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(a) Show that the set W ={(ay,a,,0):a,,a, €R} is a
subspace of the vector space R}(R).

(b) Show that the vectors {(1,1,-D), (2,-3,5), (-2,1,4)}
in R3(R) are linearly independent.

(c) Let {a,b,c} be a basis for R3(R). Show that the
set {athb, b+c, cta} is also a basis of R3(R).
(2x6=12)

P.T.O:
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2. (a) Using elementary transformations find rank of the

matrix

i 18
4 5 2|,
<3 40

2 W =

(b) Solve the following system of equations :
x-—y+t2z=4
Ix+y+4dz=6
x+y+z=1

(c) Find the characteristic roots and the characteristic

vectors for the matrix

12 3
4=0 29 (2x6%=13)
00 2

3. (a) Prove that 128sin’0cos®® = —c0s80 — 4cos60 —
4c0s40 + 4co0s20 + 5.

(b) Solve the equation x* —5x* + 10x2 - 10x + 4 =0,
given that the product of two of its roots is equal

to the product of other two roots.



3199 3

(¢) Let a, B, y be the roots of the equation x* + qx —
r=0. Find the values of:

Zﬁ?’ and ) a’ (2%6=12)

o

4. (a) Solve the equation z* — z* + z* —z + 1 = 0 using
De Moivre’s theorem.

(b) If a, P, y are the roots of x* + px* + qx + p = 0,
prove that tan' e+ tan ' +tan 'y = nn radians,

except in one particular case.

(¢) Find the sum of the series
7
sing + csin(a + ﬁ)+—;—'sin(a +28)+..+®

(2x64=13)
5. (a) Show that the set of positive rational numbers Q~
forms an abelian group under the operation **’

defined by: a*b = ab/2. Also, write the inverse of

% with respect to this operation.

(b) Draw the diagram associated with the permutation

(123456789
|5 81637 249)

(c) Show that inverse of each element in a group is
unique. (2x6=12)

PO,
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6. (a) Let G be a group and H be a non-empty subset
of G. Then show that the set H is a subgroup of
G if and only if ab™' € H for all a,b € H.

(b) Show that under the usual operations of matrix

addition and multiplication, the set

a b X .
M ={[ ] :a,b,c,dez} is a ring.
c d

(c) With proper justification, give an example of a
subring of (Z,+,*). (2x6%=13)

(1000)
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Section-1
E Attempt any three parts out of the following :

(@) Determine the integral surfaces of the equation :
x(y2 +u)u, —y(x2 +uu, = (x2 = yz)u

with the data x+y=0, u=1. 6

()  Apply the method of separation of variables to solve the
initial-value problem :

Izuxy +9y2u =0 u{x,0)=exp[£]_ 6

(¢)  Reduce the following equation into canonical form and
find the general solution :

Uy ity = u. 6

P.T.O.
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Salve the initial-value problem :

u +uu, =0
1,2
with the initial curve x=—2—,r=t, fni=g 6
Section-I1

Aftempt any one part out of the following :

(@

)

Show that the equation of motion of a vibrating
string is ;

> el . - 6
Uy =C Uy, where ¢* = T/p.

Derive the wave equation of a string

&2
Uy +au, +bu=cuy,,

where the damping force is proportional to the velocity,
the restoring force is proportional to the displacement of
a string, and a and b are constants. 6

Attempt any mwo parts out of the following ;

(@)

(®)

Determine the general solution of the equation :
A + Suy, + Hyy Ty Uy, =2
by reducing it into canonical form, T
Transform the equation to the form VEn = CV. ¢ =constant,
Wy =My + 30y = 2u, +u=0

by introducing the new variable vzue_(“ﬁ*b"’, where
@ and b are undetermined coefficients, 7



(c)

( 3) 2250
Classify the equation and reduce it to canonical form ;
yzu_u + 21)’&3), +2:2u}:v +xu, =0. i

Section-111

Attempt any three parts out of the following ;

(a)

(®)

(©)

Determine the solution of the initial boundary-value

problem : _ 7
uy =4uy,, O<x<oo >0,
u(x.O)z.r4. 0<x<oo,
u, (x,0)=0, 0=x <o
u(0,1) =0, t>0.

Find the solution of the initial boundary-value

problem : 7
Wy = Uy O<x<2, (>0,
u(x,0) =sin(mx/ 2), 0<x<2,
u,(x,0)=0, 0sx=<2,

w0.0)=0, u(2,1)=0, 120,
Determine the solution of the Goursat problem : 7

Uy = it
u(x,t)=f(x) on x—cr=0
u(x,t)=g(x) on r=i(x),

where f(0) = g(0).

o1 R K
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Determine the solution of the initial boundary-value

problem : - 7

Uy =czun., 0 10
ux0)=f(x),  x=0,
4, (x.0) = g(x), X
u (0.0) = g(1), =0,

Section-1V

5. Attempt any mo parts out of the following :

(a)

®)

©

Determine the solution of the initial boundary-value
problem by the method of separation of variables : §
uy=c*u,., O<x<l, >0,

ulx, 0) = x(1-x), 0=sx<],

14 (x,0) =0, 0<x<l,

w0, )=u(l.)=0, 120,

Prove the uniqueness of the solution of the problem : 8
U = kuy,, O<x</, t>0,

u(x,0)= f(x), 0=x=<],

e (0.8)=u, (1,1)=0, 120,

Determine the solution of the initial-boundary value
problem : 8
Uy = Kuy,, O<x<m, >0,

u(x,0)=sin2x, 0<x<m,

u(0,0)=u(mt)=0, (>0,

4 3.500
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1. (a) Find the upper and the lower Darboux integrals for

£(x) =25 on [0, 1]. Is fintegrable on [0,1] ? Justify. 6

(b)) Prove that a bounded function f on [a, b] is Riemann
integrable if and only if it is Darboux Integrable and the

value of integrals agree. 6

(6) Prove that if f is integrable on [a, b] then |f] is
b
o !

the converse ? Justify your answer. 6

5
<[ [f|- What about

integrable on [a. b] and

= (g) Prove that évery bounded piecewise monotonic
function f on [a. b] is integrable. 65

P.T.O.






(@)

(b)

(©)

(@)

C ) 2251

Let (f,) be @ sequence of functions on [a, b] converging
uniformly to f on [a. B). Prove that f is integrable on
[a, b] and

Bl b

[ g=tim | 1 65
« nx
L+ ntx

(/)  Show that (f,) converges pointwise to fifxy =0

Let f,(x)= vxeR

on R. !

(i) Does (f,) converge uniformly to f on [0, 1l
Justify.

(iii)y Prove that (f,) converges uniformly to f on
[1.=e[. 6.5

Let £, : [0, 1] = R be defined for n = 2 by

ntx for 0<x<lin
f,(x) = {-n*(x=2{n) for IInsx<2n

0 . for 2iIn<x <1,

Show that the sequence (f,) is not uniformly
convergent. 6.5
Let (f,) be a sequence of continuous functions on a set
A C R If (f,) converges uniformly to fon A, prove that
f is continuous on A. 6

P.T.O.



(b)

(€)

(a)

G

(c)

{ 4.9 2251

Prove-that the series :

2. w(3)

is uniformly convergent on [-a. al. V a > 0, but is not

uniformly convergent on R. 6
Prove that the series : i
cos(xz + l)_
o
represents @ continuous function on R. 6

Find the radius of convergence of the power series :

e ¢ s
U} Zn=l _Zx

n

B e | o

(ln Eﬂ =1 xn d 65
Let ¥, a,x” has radius of convergence R > 0 and
let :

f(x) =Y a,x" for x| <R.
Then prove that [ is differentiable on (-R; R) and

£()=3"_, nax""" for |x| <R 65

Prove that :

for | x| < 1. Hence evaluate :

Sz
n=1 3»' 65

4 3.500
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L (@) Describe all the subrings of the ring of infegers. 6'a
()) Let m and n be positive integers and let k be
Jeast common multiple of m and n. Show that
mZ n nL = kL. ; 6"
(¢) Show that : 6'a

Z,[x)/< 2+ x + 1> is not a field.

PO



(a)

®)

(©)

(@)

&)

(©)
(@)

G2 n) 252

Find all idempotent and nilpotent elements in Z, ® L,

6
Show that any finite field has order p”, where p is a
prime. 6
Let R be commutative ring with unity, and let A be an
ideal of R. Show that % is an integral domain if and only
if A is prime. 6
Let ¢ be an isomorphism from a ring R onto a ring S. Show
that ¢! is an isomorphism from S onto R. 6
Let R be a ring with unity e and let characteristic of R
be n. If n > 0, show that R contains a subring isomorphic
to Z, and if n = 0, show that R contains a subring
isomorphic to Z, 6Y:
Determine all ring homomorphisms from Z to Z. 6%
Prove that a subset W of a vector space V is a subspace
of Vifand only if 0 € W and ax + y € W whenever-

ae Fandx,ye W. 6



(5

(©

(a)

&)

()

(a)

&3 ) 2252

Whether - + 22 + 3x + 3 € span({x3 + 2 + x + 1,
2+ x+ 1, x+ 1}). Justify. 6
Let V be a vector space over a field of characteristic not
equal to two and %, v and w be distinct vectors in V.
Prove that {u, l-f, w} is linearly independent if and only
if {u+ v, u+ w, v+ w} is linearly independent. 6
Let V be a vector space having a finite basis. Then show
that every basis for V contains the same number of
elements. 6'a
Check whether {x? + 3x —2, 222 + 5x — 3, — x2 — 4x + 4}
is a basis for Py(R) ? 6
Let V and W be vector spaces and let T : V — W be
linear. If V is finite-dimensional, then prove that nullity
(T) + rank (T) = dim V. 6"
Let B and y be standard ordered bases for R3 and R2,
respectively and let T : R} — R2 be a linear
transformation given by 6

T(al, a'z, 03) 2.(2(" -+ 3“2 - 03, al + 03). Col'l‘lpulc [T]E.

P.TO.




(b)

(©)

( 499 252

Let V and W be finite-dimensional vector spaces with
ordaedbﬁesﬁandy,mpectively.LetT:VaWbe
linear. Then T is invertible if and only if [T} is invertible.

Furthermore, [T = ('TJ) " - 6

e ) oY) = e

basis of RZ. Find [L,]g and also find an invertible matrix
Q such that [L,lg = Q' AQ. where L, is 2 left-

multiplication transformation. 6

4 3,500
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There are six questions in this question paper.
Attempt any fwo parts from each question.

L (@) Suppose that S and T are sets such that T C S. Show

that if S is a finite set, then T is also finite set.

(b) If A, is a countable set for each m € N, then show that

the union |J7 _, A, is countable.

(¢) Define supremum and infimum of a set. Prove that every
non-empty set of real numbers which is bounded below

has an infimum. 6.6

PTO.



(a)

()

(©)

(@)

(®)

(c)

f- 2 .8 2297

Show that the set of rational numbers is not order

complete.

Define the limit of a sequence. Show that sequence <>

“converges to 0 if [r| < L.

Let Y = <y, > be defined inductively by y; = L.

Yp+1= 2y, +3)4 forn21. Show thatlimY =3/2. 6.6
State and prove Bolzano-Weierstrass theorem.

Let X = <x,> be defined by x;, = 1, x, = 2,
B s S g o

X = 5 2 , for n > 2. Show that the sequence

<x,> is convergent.

Investigate the convergence or divergence of the following

sequences :

6.6




(a)

(b)

(c)

(@)

(&)

(c)

ke 3. ) 297

Define the convergence of a series. Show that the series

Z:=| n” converges when p > L.

- 1
Show that the series 2n=1 Jm is divergent.

-

State and prove D’Alembert’s ratio test. 6.6
Test for convergence and absolute convergence the
series :
.
BB
State and prove M, test for uniform convergence of

sequence <f,> of real valued functions defined on [a, &].

Find the radius of convergence of the following power

series @
(f) :=0 2*Rx3ﬂ’
& e
@ Lyt g” 66

P.T.O:

i



L4 ) 297

(a) Define Riemann integral of a function. If f e Rla, b],
then show that the value of integral of f is uniquely

determined.

B Letf@@)=2if0=x< land f(x) = 1if 1 Sx<2.
Show that £ € R[0, 2] and evaluate its integral using

the definition of Reimann integral.

(0 I£f: [a b] = R is monotone on [a. b]. then show that

fe Rla, b]. 1575

4 3200
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All six questions are compulsory.
Attempt any two paris from each question.

1. (a) Let A and B be two non empty bounded sets of positive
real numbers and let
C={xy:x€A and ye€B).

Show that C is bounded and:
(i)Sup C = Sup A4 Sup B
(ii) InfC = InfA InfB 6
(b) If ¥ > 0 is a real number, show that there exists a
natural number n such that:
L
7n <y 6

(c) Define limit point of a set $ < R. Find the limit
points of the following sets: P.T.O



i

()N

(i) R 6

2. (a) If Aand B are two open sets then prove that AN B is !
also open. Is intersection of infinite sets of open sets
again open? Justify.” 6

(b) Test the continuity of function

eifx—g-‘f‘x 0
flx) = elfx+5"i/x' ;:0

»

atx=0. : 6

(c) Show that the function f defined by fl)=x*is

uniformly continuous on [—2, 2]. 6

3. (a) State Cauchy convergence criterion for sequences and

hence show that the sequence < x,, > defined by :

1 1
e T o o O an— 1
does not converge. 6.5
* (b) Show that lim,,_.()" = 0 if|r] < 1. 6.5

(c) If <x,> and <y, > be two sequences such
that limpoe Xn = X, liMy0¥n = ¥ then show that:

limpw(Xndn) = X¥. 6.5



4. (a) State and prove limit comparison test for positive term
series. 6.5
(b) Check the convergence of the following series :

= 1
() o {@® +1)2— 1)
B T v
(ii) L= 7.10.13.....(3n+4) 6.3

(c) State Leibnitz test for convergence of an alternating

series:
Z(-l)“‘iuu. u, >0 ¥n
i y |

and check the convergence and absolute convergence

of the series:

% . % + _}g. - %  ves sseaee ‘6.5
5. (a) Prove that a scquénce'cannot converge to more than
one limit. 6
(b) Show that the sequence < Xn > defined by:
% = 1, Xn41 =%2E. n=2
is convergent. Also find limy—e0 Xn- 6
(c) Show that:
limpow s [1+ 272+ 33 4 k] =1 6
p.T.O.



4
6. (a) Apply Integral Test to examine the convergence of the

series:
5 1
En:l;&; 6-5
(b) Prove that a continuous function is Riemann integrab-
le. 6.5

(c) Discuss the integrability of the function f defined on
[0,1] as follows:

1

1
f(x) — 1 ‘2-,.‘1‘, gn+i
0,

<x< f,; (n=0123,..)
x=

6.5

1000
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Attempt all parts from Question No. 1.
Each part carries 1" marks.
Attempt any fwo parts from question NOS. 2t0 6

Each part carries six marks.
L. State True or False. Justify your answer in brief :
(@) A pointzy of a domain need not be an accumulation point
of that domain.
EE

(p)y hm—= 0

z—=0 Z

P.TO.



( 2 2 253
(@0 The function f(2) = € is periodic with period 2.
: .
@ log(—ei) =1~ Sh
(@ The function /() = |z is analytic at = = 0.
h vertices at

(N et C denote the boundary of the triangle wit

the point 0, 34, and —4, oriented in the counterclockwise

direction. Then | I(ez - 7)dz| < 60.
c

©® If C is any simple closed contour, in either direction, then

Iexp(zs)dz =0.
c

If C is the positively oriented unit circle |z| = 1, then.

)
jexp(zz) dz=§_‘r_u;.
S 3
1 s (3
0) Rﬁﬁ((zy_g—!.wheref(zpz sm(—;}ﬁ-‘:]zl(u

1 A
———— has no isolated singular

() The function f(2) = .
s‘in(-*

2z

point.



(@)

(b

(©

(a)

(b)

(3)_. 253

Prove that a finite set of points cannot have any
accumulation point.

Suppose that f(z) = u(x, y) + iv(x, y) z =x+ )
o = - = ' lim ——
and zy = X + D Wo = U + g Then M f(2) = w,

if and only if ey DB .y Y% V)= U0 and

lim vlx, y) =0

(x,¥) = (%g.59)

Define neighbourhood of the point at infinity. Show that
a set S is unbounded if and only if every neighbourhood
of the point at infinity contains at least one point
in S.

Use Cauchy-Riemann equations to show that f'(z) does
not exist at any point if f(2) = exp(z). State sufficient
conditions for differentiability of a function f(z) at any
point z, = x5 + g € C.

Suppose that a function f(2) = u(x, y) + iv(x, y) and its
conjugate 7(@) = ulx, y) - iv(x, y) are both analytic in
a given domain D. Show that f(z) must be constant
throughout D.

P.TO.



(o)

A

— .
( 6 ) 253 {

If a function f is analytic everywhere in the finite plane

except for a finite number of singular points interior to

a positively oriented simple closed contour C, then show

. 1 (1
that If(’z) dz = 21 Res,__, [z_‘z f[';)] Use it to show
(4]
5z-2
d =10 ', ™ i 1 =
that £ o3 9 = 107, where C is the circle | = 2,

described counterclockwise.

6 3.500
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Attempt any two parts from each of the questions.

L (a)

(&)
(c)

(b)

Let /(x) = +2x+4 and g(x) = 3x + 2 in Z[x]. Determine

the quotient and remainder upon dividing f(x) by g(x).

State and prove Einstein's criterion of irreducibility.

If D is a principal ideal domain, prove that every

strictly increasing chain of ideals I, < I, < I; ....

must be finite in length. Hence. prove that every

non-zero and a non-unit element of D has an irreducible

factor. _ 6.5,6.5,6.5

Prove that the ideal <x> in Q[x] is maximal.

(1) Prove that 8x° — 6x + | is irreducible over Q.

(i) Prove that the product of two primitive polynomials
is primitive.

Prove that in a principal ideal domain, an element is

irreducible if and only if it is prime, 6.6,6

P.T.O.
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(@)

(5)

(e)

(a)

(&)

(2 ) : 254

Suppose that V is a finite dimensional vector space with
the ordered basis B = {X;, Xgs vees p.7A) & Let f{i <i<n)
be the ith coordinate functiar; with respect to f be
defined such that &) = 3, where 5!-,- is the Kronecker
deita. Let B* = {f;. fos -woons Jy}- Then prove that B* is an
ordered basis for V", and, for any f € V', we have

f:z:'-_-l 'f(x!)f;

i 2
ForA=[
2

€ M, , 5 (R). determine the eigen values
- _

of A and eigen space corresponding to each eigen value

of A. Also, if possible. find a basis for R? consisting of

eigen vectors of A.

prove that the characteristic polynomial of any

diagonalizable linear operator splits. Is the converse

true ? Justify. 6.5.6.5,6.5

Let T be a linear operator on R? such that :

T(a.b.c)=(a+b+c,a+b+c,a+b+c).

Let W = {(+ t, /) | t € R} be a subspace of R3. Show

that :

(i) W is a T-invariant subspace of R3.

(i) The characteristic polynomial of Ty divides the
.characteristic polynomial of T.

Let D be the differentiation operator on P(R), the space

of polynomials over R. Prove that there exists no polynomial

gty) for which g(D) =T, Hence, show that D has no minimal

polvnomial.



(©)

5. (q)

(b)

s ) 254
Let T be a linear operator on a finite dimensional vector
space V and let plr) be the minimal polynomial of T.

Prove that a sealar & is an eigen value of T if and only

if p(A) = 0. ! 6, 6,6
Let V be an inner product space. Prove that :

0 |xz y.“z = leﬂz £ 2R(x, y) + ”_y”2 forallx, ye V
where li(x, ») denotes the real part of the complex

numbes {x, ).
G |- |]y||| Sfx -y forallx ye V.

Suppose that § = {v, v4, ... ..., v} is an orthonormal

set in an n-dimensional inner product space V. Show

that :

() S can be extended to an orthonormal basis

s V35 oov vy Vi Vg 4 1 s V) fOr V.

(i) 1 W = span (S) then S| = {v; , |, ..., v} is an

orthonormal basis for W-+.

(7i7) 1f W is any subspace of V, then dimV = dim W
+dim W+,

B.T:0.



G

(@)

®)

©

( 4.) 2254
Find the orthogonal projection of the given vector on the
given subspace W of the inner product space :
V=R u=(21,3) and
W= (G y 5) x+3y=-22=0}. 656565
State and prove Bessel’s inequality.

For the inner product space V over F and linear

transformation g : V — F, find a vector y such that

gl =(x y) forallx € V where :

1 1
V = Py(R) with {f{ h) = [ f()h()de, and
0

g(f) = f0) + £(1).
Let V be a complex inner product space and let T be a

linear operator on V.
Define T; = lr+1)and T, = Liteth
2 2i
() Prove that T, and T, are self adjoint and tl';at
T=T, + T,
(i) -~ Suppose also that T = U, + iU, where U, and U,
are self-adjoint, Prove that U, = T, and U, = T,.
(iif) Prove that T is normal if and only if Ty Ty = ToTh.

6,6.6

3 3,500
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of this question Paper.,)
In all there are six quiestions,

Question Ng. 1is Compulsory ang it contaips Seven parts of 3

Mmarks each, out of which any five parts are to pe attempted,

In Question Nos. 2 to 6, attempt any 5, Parts from thpe, parts.

Each part carries 6 marks.

Use of scientific caleulator is alloweqd.

Ifc, C, and C; are €vents in C, thep Prove that

#r2.p; 2 p,

@)

Whete pi=P(C,)+ P(C,) + p(c,,

Py=P(C, ~C,) 4 PC,ney +pe

1M C,), and
by = P(C, & Cz N GC,).

PTO




. . 2 2710

(#)  Given the cumulative distribution fuﬁcfion
Fe)=0ifx<— |
=(x+2/4, if=1<x < I, and
=Tl 5x
Compute :
® Pel2<Xs 1/2);
()  PX=1.
(#if)  Letpmf P(x) be positive atx=-1,0, | ari& zero els?wheré.
If p(0) = 41. find E(X2).

(). If the random variable X has a binomial distribution with

4

the parameters » and 8, then compute the variance, o2,

of X.

() Let F(x, ») be the distribution function of X.and Y, For

all real constants g < b, ¢ < d, show that
P(aCXSb,c<YSafj=F(b,d}—F(b, e)

ol F(a, d) + F(a, ¢)




(vi)

(vii)

(a)

()

(3)

Clx' )
[_t]h_‘) 2‘ |.0.(x]'(x2| 0{.1'1{]
Let fi, * =1 %

0, elsewhere
be the conditional pdf of X, given X; = x,.

c!xg. O<x, <l

Also let fi(x;) =
¥ 2) {0. elsewhere

@

be the marginal pdf of X,.
Determine C, & C, and hence the joint pdf of X; and X,.
Prove that P/s" =Z7 P PE, for all n, m and all i, j.

Let {C,} be a decreasing sequence of events, then show

that

lim, .. P(C,) = P(lim, c,) = P(N5..C,)
fn a lot of 50 light bulbs, there are 2 bad bulbs. An inspector

examines five bulbs, which are selected at random and

without replacement.

(N Find the probability of at least one defective bulb

among the five.

(ify How many bulbs should he examined so that the
probability of finding at least one bad bulb exceeds

217
P.T.O.

”



(¢)

(@)

()

(©

()

(4) ' 2710
Find the cumulative distribution function for the following
pdf :

1/3 D<x<l
f(x)=41/3 2<x<4

0 elsewhere
Also find the median.
Let X have the mgf
M) = &2 _w<t<wo
Find E(X%) and E(X?"), for k = 1,2, 3, ...

Show by stating all the conditions that the Binomial
distribution can be approximated to the Poisson

distribution.

Let X have the exponential pdf, fx) = 6! exp {~x/6},
0 < x < w, zero elsewhere. Find the moment generating

function of X, and hence, the mean, and the variance of X.
Let X, and X, have th:? joint pdf
fx %)= 15x2, if 0 < x; <x; < 1
= 0 elsewhere

Find the marginal pdf of X, and X, and compute

P(X, + X, < 1)




: (if)

@

4 (if)

(5) 2710
Suppose Fhe Jjoint mgf, M(,, #.), exists for the random
variables X, and X,. Then show that X, and X, are
independent if and only if M, 1) = M(¢), 0) M(0, t,);
that is, the joint.mgf is identically equal to the product
'of the marginal mgfs.
Let-' X Xy bé two random 'v'aﬁables with joint

|
p(x,,.rz) T*Tz f‘or 1 Sx,<ap, i= 1y 2 where x, and

I

X, are mtegers, zero elsewhere. Determine the joint mgf

Iaf"X,, X, and show that X, and X, are independent random

variables,
Let X_,-. X, be two random variables with joint pdf
| .j(x;, X)) = 4xx,, if 0 <x, <1, 0 <x, <l
= 0 elsewhere

(@) Is E(X,, X,) =.-.l_5(x1) E(X))?

(8). Find EGX, ~ 2X,? + 6X,X,).

: Suppose (X, Y) have a joint dlstnbut:en with the variances

of X and Y finite and positive. Denote the means and

- variances ofX and Y by Hy, My and 6,2, 6,2 respectively,

and let p be the correlation coefficient between X and

Y. I E(Y | X = x)is linear in x, then

i 6]
E(Y [ X=x) =y + p=2 (2 ).
% P.T.O.
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(6) | 2710
(iiy Let the random variables % and Y have the joint density
function ‘
fe =L if—x<y-<x.0<x’- 1
. = 0 elsewhere '
Show that. on the set of positive probability density,
the graph of E(Y [x)isa stralghl line. whereas that of
E(X | y) is not @ straaght line.
6. (@ @ If X is a random vanable with mean and
variance . 02 thcn prove that for any k > 0
P{IX—1 i z kY s =7 :

(i) Find the smallest value of k in above inequality

for which theg_ probability that a random variable will
take .a value:: between (i = ko) and (p + ko) is at
least 0.99.

(b) State the Cenlral limit theorem. Let X, i=1 . ueny 10
be independem randnm Jariables, each having uniformly
distributed over (0, 0. ‘Estimate P(E\’X, > 7}

(¢ Anum alwﬁys.comams 2 balls. Ball colors are red and
blue. Af each stage a ball' is randomly chosen and then
replaced by 2 nelw pall, which with probability 0.8 is the
same c6ior. and 'vﬁith probability-o.z is the opposite color,
as the ball it replace& Define an appropriate Markov chain
and if mmally both balls are red, find the probability that
the fifth ball selected. is red

2710 | 6 2700
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All the six questions are compulsory.

Attempt any fwo parts from each question.

Use of Scientific Calculator is allowed.

25 (@)  When the drug theophylline is administered for asthma,

a concentration below 5 mg/litre has little effect and

“undesirable side-effects appear if concentration exceeds

20 mg/litre. For a body that weights W Ikg the concen-

tration when Mmg is present is 2M/W mg/litre. If 1= 6

hours, measures the rapidity at which concentration falls.

Find the concentration at time ¢ hours after the initial dose

of D mg. If D = 500 mg and W = 70 kg show that the

second dose is necessary after about 6 hours to prevent

the concentration from being ineffective. 6

P.T.O.

2]
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!.‘J

(b)

(¢)

{(e1)

()

(c)

(a)

27 2712

Consider the following chemical reaction A + X — 2y,
with rate constant £. If the reactant A is heid at o constant
concumralinn a'ouse the law of mass action to derive
the r.qua[mm for the concentration of X and Y. Suppose
the initial concentration of X and Y are Xy and Y,
respectively. Solve the system of equations 10 obtain X(n
and Y(r). 6
Describe the Hodgkin-Huxlev mode| governing the nerve
impulse transmission. 6

Discuss the nawre of critical point and give the equation

ol trajectories for the given system - 6%
=24
Yo=dr - 5

What is a limi cyele 2 Give an example. State Limit cycle
criterion and Poincare-Bendixson theorem, 6%
Discuss the behaviour of trajectories in the phas?'e plane
of ¥+3%42v=0 6l

Provide a full phase plane analysis for the mathematical

model of heart beat equations given by

= {_\ S0 -Fe+h) T
ol
ub
dt

where x is the muscle fibre length, 4 is the chemical

control. € > () and (i r‘a“} 15 4 rest state. 6



(¢)

(w)

212
(h)  Solve the following ordinary differential equation

dy

=— yp+
ot Ot

o

t obtain the period'Thof the periodic state Y. which

characterizes the pacemaker. Assume that 0 <y < |, sueh
that when y =/, the Pacemaker fires and when ¥ =00,

it jumps back. Also

' 1
assume that 0 < y < —. 6'a

Sketeh the nullclines for the system

i = i =
% Ml =) —

dw
= 1.
dt

= S Hz0
has one equilibrium point for 0 < H <1 and three for
(=2

Also discuss the hature of equilibrium points. 6

P,
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-

(%)

(c)

(a)

(4) ' 2712
Show that the iteration scheme
et = 1 = px (] - x,)
has a stable fixed point x, =i for u - | and '(héaz =1
is a biﬂlrcation.point where the fixed point «‘n =1/u
appears. Show the period doubling occurs as so-o_n as

exceeds 3. 6

Discuss the stability of the limit cyele when P“'. By

are the points on a Poincare line and P, is at a distance

s, from P, and such that

Sy =5)
taking P, as the fixed point. 6
Derive the formula for the Jukes-Cantor distance (dy-) given
that all the diagonal entries of Jukes-Camtor matrix M

t E
3 4 . o
are Z+z[ | —5 u) . where o is the mutation rate; Com-

pute the Jukes-Cantor distance de(S, 8)) jo 4 decimal

digits, from the 40 base frequency table oY
S\, [ A Ja| e | 7]
A 7 0 | |
G | 9 2 0
¢ 0 2 7 9
T | 0 | 6
=l




(h)

(e)

(«)

(3) 2712
If D and ¢ denotes the alleles tor tall and dwart plant
and if W and w denotes the alleles for round and wrinkled
seed. then for the cross DdWw = ddWw compute the

following prr:l::lbilities : 6l
(7))  The probability ofa tall plant with wrinkled seeds.
(if)y  The probability of a tall plant with round seeds,

Write the steps for Neighbor Joining Algorithm. From the
distance table compute R;. Rs, Ry, R, and then form a

table of values for M for the taxa S,. S,. S; and S, :

si 2| s | w

Sl 83 28 41
S2 a2 97
S3 48 6's

In mice, an allele A for agouti-or gray-brown, grizzied fur
is dominant over the allele «, which determines a non-
agouti color. Suppose. Ag.=-Aa-produces -4 offsprings,
then compute the probabilities of exactly 0, 1. 2, 3 and
4 of the 4 progeny have agouti fur. 6

P.TO.
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with parameter a,.
( and a,, 6

‘tree and give an

6

100




This question paper contains 4 printed pages]

Roll No. | _ | | 1 | |

S. No. of Question Paper - 2842

Unique Paper Code . 32357610 1C
Name of the Paper . Number Theory

Name of the Course : B.SC« () Mathematics : DSE-4
Semester s

Duration : 3 Hours Maximum Marks 75

(Write your Roll No. on the top immediarely on receipt of this quesn‘mrpclper.)
Attempt all questions selecting eight parts from section 1, five

parts each from Sections Il and 11
Section |
(Attempt any eight parts)

L. (@ Wpisa prime satisfying n < p < 5. show that the

binomial coefficient LZ: )E 0 (mod p).
() Find the value of (—EE‘)
131
(¢) Use of theory of congruence 1o verify that
g9 | 2% — L.
(d) Show that ¢ G n) = 3¢ (mif and only if 3 |

- PTO.
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() Given 2 =-3 (18) + 2 (28) find all the solutions of
the linear Diophantine equation [8x + 28y = 20.

{i  Define o (n) for a positive 'ime_ger n. Compute o (108)
using multiplicative property.

{g) Decrypt IABEHEHZR using the linear cipher C = P - 7
(mod 26).

()  Test if 2 is a primitive root of [3.

(3] Find out the number of zeroes in which 500! terminates.

1) What is a conjecture ? Explain it with Goldbach

conjecture,
(k)  Find the remainder when 2 (26!) is divided by 29,
()] Verify the Gauss theorem on ¢ function with
n= 18, 8x2'
Section 1l
(Attempt any 5 parts)

Let n = p"1p,*2. p* be the prime factorization of the
integer n > 1. If f is a multiplicative function that is not

identically zero, prove that :

3 wl@df(d)=(1-f(p))(1-£(py))....(1= (p,)).
din
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11
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State and prove Chinese Remainder Theorem.
Find the solutions of the system of congruences 3
3x + 4y =5 (mod I3).' 2+ Sy =17 (mod 13)
Determine all solutions in the positive integers of the following
Diophantine equations : 18x * 5y = 48.
If ged(a, 133) = ged(h, 133) = 1. then show that
133 | (@'8 - ')
Using Wilson’s theorem, prove that for any odd prime p :

_9_4-1
12 32 Slp - 2P = (D 2 (mod p)

Given n = 1, let o (n) denote the sum of the sth powers of
the positive divisors of n: that is o(n) = T &. Show
that o, is @ multiplicative function. 5%5%
Section 111
(Attempt all five parts)

Use the information that 3 is a primitive root of 17 to obtain
the eight primitive roots of 17.

Solve x* = 14 (mod 52).

A long string of cipher text resulting from 2 Hill cipher
C, = aP,+ bP, (mod 26), C; = cPy + dp, (mod 26) revealed
that the most frequently occurring two-letter blocks were HO

and PP, in that order. Find the values of a, b, ¢ and d.

P.TO.
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12. Prove that if p is a prime and f{x) = ol -l

13.

Tt ax+aga #0 (modp)isa polynomial of degree

n = 1 with integral coefficients, then the congruence
Ax) = 0 (mod p) has at most n incongruent solutions modulo p.
Let n> | and ged (a,n) = 1. If a), @ s Ag(ny are the
positive integers less than » and relatively prime to n, then

show that aa,, day,.......ady, are congruent modulo # to a,,

s wevssssllyg . N SOmMe order. 5x5%
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i: (@)

(b)

Attmpet any iwo parts from each question.

All questions carry equal marks.
Find all the basic feas.ible solutions of the following
equations :
X+ xp * 20y = 9
3x, + 20y + 5xy = 22
Let (xg, 0) be a basic feasible solution with objective

function value zg for LPP :

Maximize Z = ek
subject to
Ax = b
xz 0

P.T.O.
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(a)

e, 2843
By entering an a; with z, — ¢ < 0 and removing a b,

subject to

ZBr _ Min ic&:yi_l,-:»t)
Yrj i

Show that we can get a new feasible solution with
improved value of the objective function compared to
Zg.
Using simplex method, solve the following system of
equations :

8, + 2x, = IS

Sxp + 3x, = 19,
Solve the following problem by two-phase method :
Maximize z = -x, — 2x,

subject to



()

(©

(@)

(3 ) 2843

Solve the following linear program by the big-M method :
Minimize z = 3x; — 3x; + X3
subject tr-)

Xyt 2% — X3 2 5

—3x1—x2+x3$4

X X X3 2 0.
Consider the fdllowing problem :
Maximize z = —3x; — 2x;
subject to

—x; +x <1

Sxp + 3x; £ 15

x 20

Xy 2 3/2
Solve the problem graphically.

Write the dual problem for the Linear Programming

problem :
Maximize z = 3x; + 5x; + Tx3
subject fo
x!+x2-!'-3x3= 10
4x, —%y + 2x3 2 15
X, Xy 2 0, x3 is unrestricted.

P.T.O.
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(c)

-4 3 2843

Apply principle of duality to solve the linear
programming problem -
Minimize -z = 2, + 2x,
subject to
2}'1 + 4x2 = !
X+t 2 2|
2, + Xy 21
Xps Xy 2 0,
Use graphical method 1o solve the dual of the following
problem :
Min Z=12x + X3 + 3x; + 6x,
subject to
xl+x2+3x3+2."4?.3
2x, +x2+.r3+3x422
X Xy, X3, x, 2 0.

Further, use the complementary slackness theorem to
find an optimal solution to the given problem from

optimal solution of the dual problem.




RS )
(@) Solve the follo_w.ing transportation problem

D (ESNE Capacity

A 10
B 80
& I5

Requirement

(®)  Solve the following assignment problen -

B4 7 315 18 8
Ci8 12 29 20 12
D5 5 g 10 6
E (10 10 15 25 10

(© Define in “Two-Person Zero-Sum™ game :

1)) Sadd.l_e point
(1)  Mixed Strategy,

(i) Use maximin and minimax principle to solve the

game .

gm
® &
e o

PTO.
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5. (a) Solve the following 4 x 2. game graphically :

Player B
-2 0
3 1
Player A 4

5 -4

(b) Use dominance to solve the game :

o T = TR <~ I
o O o O
Gy =1 = B3
G Oy R =]
Ll =1 IR = > I -

(¢) Convert the following game problem; involving “‘two
person; zero-sum game” into a linear programming

problem for player A and player B :

Player B

3 -2 4
PlayerA| -1 4 2

2 -2 86

2843 6 : 2,400
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Instmcl;ions for Ca,ndj.dls.t:ie.'s - -
(a) Write your Roll No: on-the top mmedzately
on receipt of this quc stio: paper. .
{b) All the six quesnonsm compulsory.
“{c) Attempt ahy‘two pal-ts from each question.
{c) Use of non- prdgrammable scientific
calculator is allowed.

1. (a) Define Global Truncation error with .
examples. If the number 7 54632 rounded off
to four significant digits then calculate the
absolute error. ... 1 6

{b) Perform three 1teratons of Newton-Raphson
méthod to ¢btain the root of the equation

fx)=x*-2x- 5= 0 2
mtlumualappmmmagonxo 1 B ' 6

i £ P.T.O.




f@)=3x* sin X~
mthozﬁ.tnal appmmmatmn X, = '0 3 and
: = Tl "“g" o 3 __' T
2. (a) Perform four 1teraﬁons of bisection method
- obtan the root of the equauon :
f(x)=x¢" 1= :

5 mthemtervalmﬁxiuiﬁallﬂ 11 Lol l
(b) Define rate of conver the
_rate of convergenee r the ‘Regula alsi

- method: ART B

(c) Perf m two L‘l‘.era.tl-ﬂ ‘¥

- solve the non-i

3. (a Find the inverse ol

the Gauss J ordan methoﬁ =

6 2 2 _.-.'._,117;, iV
S [ e
.2 .= 2 o

(b) Starting with ixﬁ_tial vector (%, Y, 2 =(0,0,0),

equations.

6x+ 15y *+2z= T2
x+y+54z-110 L
7% + 6y -2~ 85




p w;ﬂ». ‘”i\ :

- (c) Kf(x)=— then evaluate thc nul order Newton__ i
Dmded d:ﬂ'ercnce

L

¥ .l' R

.5.5.

x]

S (a._] vacthat

2

i
i ‘-=1+-——
(11 ® 2

a2

2
$ 1/1+5— ._
2 e

(11] V = -—_'-—'“ +98

| 2317

6

--'_-6;5 '

ol (b} Fmdﬂ:clagrange mte:polation polynomxal 3 ‘

forthclollomng data set _ IS
ﬂx} -2 0. ] 63 ‘| 334"

Also estimate thcvalue of 'f'at x =2.5.

6.5

(c) Construct the interpolating’ polynomxa!umng
‘the Gregory- Newton backward difference

interpolation for the given data set :

6.5

X 0

0.2

04

0.6

f(x) 0.5403

0.3624

. 0.1700

|-0.0292]

Hence estimate the value of f(x)atx =0.15.

(a) Apprommate f'-0,£'M) and f'(3) using
appropriate two points difference formula for

fol.lowmg data : .
; -1 0 1 2 3
-f_{x}- -5 i i 3 9 |.27]
Also estimate f'(1) usxng Richardson
extrapolation with step sizeh=2. 6.5
3

P.T.O.



23"-1*-7-3»;5--1_. Gl S
{b) Fmd ;ppmmmate value of the mtegral
i SEF AL T Al ety “‘ o &« E
B I_—_[x sﬂfl(zx)d" us;ng -Simpson's rufe.

Dm Ente:va] [0, x].into four equal %ﬁ:_
(c] Obtam ﬂ:st extrapolatcd value of the mtegral j

T Ie @ usmg Romberg mtegranon a.nd |

' oomparemth mct value. - R A
6. (a) Use fourth order Runge-Kutta methocl to

solve mmai vajue problem

ovcrthemtcrval[o 1} mth step size h'=1, )
{b} 'T.iﬁé Heun’s method without iteration to’ sohfe
m:tuahraluc problem 6.5
> ——E= @2 3@ =1

___.\Ioverthemtcrval[o 2] with step size h=0.5.
(c) Use finite difference method to solve

boundaIY value problem (BVP) o
. d 2 2d)' -, 0<x< 1
_-}thhy (0’ = 10y y(l) =2 and n = 4 sub
i *mtervals A

A&l 2600
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All six questions are compulsory. Attempt ahy two par'ts from
each question. Use of simple calculator is allowed.

1. (a) Perform three iterations of Newton-Raphson method to
obtain root of the equation:

f(x)=cosx—xe* =0

with initial approximationx, = 1. 6

(b) Define Truncation Error. Evaluate the sum:

45447

to four significant digits and find its absolute and
relative errors. 6

(c) Perform three iterations of Regula Falsi method to
obtain the root of the equation:
P.T. O.



2

S(x)=x"-2x*—5=6)
in the interval {2, 3]. 6

2. (a) Perform three iterations of secant method to obtain the
Square root of 3 with initial approximation:

X0 =1, =2, 6
(b) Perform four iterations of bisection method to find
the root of the equation:
X’ =2x%~0.04x+0.08 =0
in the interval [0,1]. 6

(€) Perform two iterations of Newton’s method to solve
the non-linear system of equations:

X +xy+y?=7
x? +y°=9
- with initial approximation (%0s30) = (1.5,05). 6

3. (a) Solve the following system of linear equations using
the Gauss elimination method with partial pivoting:

2x+6y+10z=0
X+3y+3z=2
3x+14y 428, =-8 6.5

(b) Perform three iterations of Gauss-Seidel iteration
method for the following system of equations:

S5x+y-2z=2
3x+dy—z=-2
2x-3y+5z =10,

starting with initial solution as (x,y,2) =(0,0,0) .6.5



\ 3
. (c) Solve the following system of equations by using the
Gauss-Jordan method:
R 1
4 -3 § y| =|-7 6.5
=3 ‘2 4 z -3

4. (a) Prove the following relation:

A =-l—c‘)‘2+51’1+-1—32 6
2 4

(b) Given the following data:
x 0.1 s 02
sin(x) 0.09998 0.1986

Find Lagrange interpolating polynomial and
approximate the value sin(0.15). Obtain a bound on

the truncation error also. 6
1

(c) The following data represents the function f(x)= X3

X 0 1 8
gy O 1 -
Find Newton divided difference interpolating

polynomial of degree 2. Also find the approximate
xact value. 6

value of f(7) and compare withthe e

5. (a) Find f ’(2.0) using quadratic interpolation using the

ing data:
following data P.T.O.



> 2.0 2.2 2.6
fix) 0.69315 0.78846 0.95551
Obtain an upper bound on error also. 6.5

i) dx . by using

: 1
(b) Find the approximate value of =_[
g X

Newton’s Cote open formula (i) mid- point rule (ii)

two- point rule, 6.5
2
(c) Evaluate the integral 7 =‘[ , using Gauss
0 3+4x
Quadrature 3- point rule. 6.5

6. (a) Use the Euler method to solve boundary value problem
y'=4¢" ~0.5y, y(0)=2
on the interval [03] with h=1. 6.5

(b) Given the initial value problem:
y'==20", y0)=1
estimate 1(0.4) using Ralston’s method (R. K.
Method 2™ Order) with #=0.2. 6.5

(c)Using a second order finite difference method
with 4 =1, find the solution of the Boundary Value

Problem "~ y=x(x-4), 0sx<4
with 1(0)= »(4)=0.6.5

500
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. ;ﬂ{ Six quesriom are compulsory. Atrempr any M parts from

each question: Use of non-programmable simple calculator

: . is allowed.. p
1. (a) Define Rounding-off error with examples. If 0.3 is
- .!hc_approximatc value of é—, find absolute and relative

€ITorS, 6
(b) Perform two iterations of Newton’s method to solve
the non-linear system of equations:
yeos(xy)+1 =0
sin(xy)+x-y=0 x
‘with initial approximation (x5,5) = (12). 6

ot pell @ B



K 5 x-a'x —0]6x+048
ir_:ﬂ)e'interval‘_[OII

-

2 (a) Perform three iterations of Regula Falm methodmﬁnd' .

- the. root of the cqua.tlon _ , W <
| | FEiEes=0 . ST
-——ime interval [2,3]: e '

. -‘; E’s aE

' (b) Pex;form three {tcratlons of NeMOn-Raphson
VIR - Noed .tn fmd ‘the square root of 3/4 wn‘.h mi
matumxo =0.5. 4

(c) Perform three ncrauons of secant method to ﬁud e . |
root of the equation:

_ X —9x+2=0 :
‘in the interval [0,1]. T

3. (:a) Solve the following system of linear eqiiafibhs using
the Gauss elimination method with partial pivoting:

x+2y+3z=1
2x+4y+10z=-2
3x+14y+28z =—é. 6.5

(b) Perform three iterations of ;&auss-—Sgi;lgI__jWn :
method for the following system of equations: ~ =



=1, —y+2z—l
_iﬁi‘uaisohm_ ‘as(x,y,z) (0,0,0). 6.5

o (€] -Expla.m-Gauss—Thcmas algonthm and solve the tri-
- diagonal system AX = b by using Gauss-Thomas

method. !
(08 =04 0) (x) (41)
1-04 .08 -04] [y =[25| 65
0 -04 08) (z 105)

: : umque polynormal of degree 2 by Lagrange
lnterpolahon Also find bound on the error. 6

(b) For the followmg data, calculate the differences and
obtain the Grcgory-NcMon forward difference poly-
3 normal i

X N0 1402 0.3 04 05
f(x) 140 156 1.76 200 228
Also find the approximate value of £(0.35). - 6

(¢) (1) Find the maxxgmm value of step size & that can be
used to tabulate f(x)=e" on [0,1] using linear
mtmpolat:on such that Ierroz{ <5%x107%.

(i) Let f(x) log(l+x) x,=1and x;=1.1.
P Fi Q.



: Q6 (@) Apply Euler s modlﬁed

X %,q D = v
- a4 = L

Trapezondal rule. (u) Slmpsm!._ 15!&

(b) Fmd the appmxlmate valuc of f

' Newton Cotc s open fommla forﬁ\me pomt mle 6.5

(c) Evaluate I( + ——}dx usmgmmposnte Trapczwdal i

rule and Romberg mtcgratlon vsﬁthk 1 ant} h =1/2
only ;
et to-approximate the
solution of the following i -Valuc problcm and
caloulate y(2) by using A=1*" ;

¥ = 4™ —OSy y(D} 2 6.5

(b) Employ the classical fouﬁhorde.r RK method to inte-
grate y'=-20", y(0)=1 with k=02 on the interval

[0,0.2]. 6.5

(c) Apply finite difference method to solve the given
problem:

d? d’y I
+x x~4 0<x<4
e (x—4)

with #=1and y(0)=0, y(4)=o. 6.5

65:

e ————————
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1.

Fill in the blanks : 1x5=5

{a); L. selasl command is used to find the
product of two matrices m, n.

(b) The function................. is used to find the
n' prime.

.. command is used to find the value
of exponential constant up to 20 digits.

(d) The symbol .......... is used as delayed
operator.

o i command is used to find the
transpose of a matrix.

Attempt any six parts from the following :

1.5%x6
(a) Write the command to evaluate the
expression 2x%+x=1,
(b) Write the command to plot the functions
Sin(x) and Cos(x) in the range -10<x<10.
() Write the command to evaluate (i) 7 2?mod23
(1) log,, (5.65).
(d) Write the command to Create a 6x6 sparse
matrix with non-zero entries :
(1,2) = 3; (4,3) = 3; (4,9) =7; (6,1) = 4
Hx ]
(¢) Write the command to evaluate I ;i‘d"'

/4

2

|
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(f) Write the command to evaluate

Z:,;;(Intsz’-

R

(g) Write the command to create the matrix

T4 3
A4=1-1 3 =2 5
0 8 0 7

Further, write the commands to obtain its
second column and the determinant.

(h) Write the command to obtain a 2x4 matrix
with random entries within the range of 2
to 10.

3. Attempt any two parts from the following :
4x2
" (@) For the matrix,

1 3 2
A=[2 4
2 5 %Y

write commands for :
(i) diagonalization of the given matrix.
(ii) finding its inverse.

3 2.T.0.
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(b) Write the command to print first 10 prime
numbers.

(c) Write a program to find the ged of two
integers a and b using Euclidean Algorithm
and hence find the ged of 120 and 75. |

Unit-II (Software R)

4. Write True or false for the following :
1x4
(a) The data object combining text and numbers
is of type ‘text’.

(b) If ‘name’is a 10 items vector then name[2:7}
shows its second and seventh item.

_J._‘_,— _:.‘—411—-__..__

(¢) The length of thc following vector is 5 :
days={2, 4, 5, 5, 4, NA}.

(d) plotpie command is used to draw a pie chart.

5. Attempt any four parts from the following :
1.5%4

(a) (i)Write command to read data from the file
“hybrid .csv”.




(b)

(o)

(d)

2496-A

(ii) Using scan function, enter the following
data :

Subject = {Eng, -Sociology, Science,
Historyj.

For a 3 x 3 matrix

=3

00 =3 =

A:

AV S o

1
3
write the command to give column and row
headings.

For the list, m={5, 8, 3, 8, 7, 2} , write the

output for the following :
(i) order( m), (ii) rank(m).

Write the command to convert the following

data in integets :

M={3.5,1.2,4.3,7.1,8.7).

S P.T.O.
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(e) For the following data vectors

(0

Iﬁngﬂl={7, 8: 9' 1 1-5}!
Height=(4, 9.5, 3.9, 2.5%

write the command to construct the
dataframe ‘dimension’.

For the following data object fw’
abund flow

1 7

25 12

15 8

12 19

7 14

write the command to view the first four

entries of column ‘flow’.

6. Attempt any two parts from the following *

3x2

(a) For the vector, Data_mp ={3, 2, 1,5,5.3,5

8,7,6, 9, 1,9 5, 8}; write the command to :

(i) find the cumulative sum.

6
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g

(ii) find the 20%,50%,40% quantiles.
(iii) creaée the stem and leaf plot for the
above vector.
(b) For the following two dimensional data,
data 1 ' data 2 data 3 °
23 25 34
23 45 12
21 32 - 21
21 47 43
write the command to - .

(i) display the first and third rows.

(ii) determine the structure of the data

object.

(iii) For the above data, draw a bar chart

with appropriate labels.

PT.O.
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(c) Write the commands in R for the following :

(i) Put the following values into a variable
d:

3,573,2,6,8,5,6,9,4,5,7, 3, 4.
(ii) Find mean of d.
(iii) Find the largest value in d.

(iv) Find variance of d.

8 3,100
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Using any one of the CAS = Malhematicar‘Maple!MaximaiMat!ab

to answer the questions.
This question paper has four questions in all.

All questions are compulsory.
1. True/False (Give satisfactory Explanation!Example) : 8x1=8
(N Does the suffix **nb” stand for ‘notebook” ? |
(in In Mathematica, every built-in function name begins with
a small letter,
(iify Do the commands D[fIx]] and f'[x] provide the same

output ?

P.T.O.
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() The syntax NSolve[-1+3x+x*=0.x.15] is correct.

(v)  The syntax Makelist[n”2.n.1.10.2]: is well defined.

(wi) The output SF Factor [xA2-2] is (x—/2 Nx $2)

‘(w‘u') « -= RandomInteger[10]; {xxx} will give the same value
of x in output.

(viify Can we plot y=dx+1y=—x+4 and y=9x-8. for 0<v=2 in a

. single graph ?

Attempt any four parts from the following : 4x2=10

_(:r']‘ \;L'fhat is the significance of simpsum command in the
simplification to sums in maxima 7

(i) Explain Reduce and Solve command.

('ﬁi) Explain the use of ‘Manipulate” command.

(iv) What is the use of command Direction — 1 in Limit
command ? Can we change that value | with any other
integer ?

(v) Define Matrix Form and Min command with suitable
example.

(vi) Explain the role of Aspect Ratio and Plot Style of Plot

options with syntax.
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Write the Qutput of any five from the following 5x2=10

(1)

(if)

(iiii)

(iv)

v)

(vi)

Plot [Sinfx:{x. 0. 2Pi}. Ticks = (10, Pi, 2Pi}. (0. 05, i

Axeslabel = 1% ¥ plotLabel — Sinfx]].

Solve :

((2*x+y-3tE 0x4ry+2*7z=1 2 —x+y+z=0] Jxy.zl)

2 1 (i

M= |3 1 RO 2
I 2t g 1 &

M*N

A:Diagona‘lMaIrix‘[{a.b.i:}.l 1)/ MatrixForm

=Table[.i+j. {idi, A MatrixForm
A+B

! B

ad

M= AR R
g Lt 2
My = Migy © M
M // MatrixForm
Transpose[M] // MatrixForm
P\ut[{x,xz},{x,ﬂ,d}.PimRange—a{0.5}.PlotStyle——>

{Black.Directive[Thick.Dotted.B\ack]}]

P.T.O.
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Avi)  Bx):= X+ sin(x);
diff'Rix). x)=diftt f(x). x):

at ( 'diff ( 'f{x), x). x=0)= a (diff (fix), x) . x=0);

(vid) waplot2d(x"2 [x. 0. 4].[box.false]):

wxplot3d ([Cos(t), Sin(t). a]. [t. 0, 2*%pi]. [a, -1.1]):

Provide the Syntax of any four from the following : 4x2Y=10

0]

(i)

(i)

()

)

(wi)

Write the syntax for the plotting of unit sphere in any
software.

Give the syntax for finding the Ist derivative‘ and Indefinite
integral of the function fix)=x2+cosx using any software.
Write the commands for the solution of the following
equations without using solve command.

x—2y=5 and 4x-3y=4.

¥ . sinx
and lim .. o

Write the command for lim,_

Provide the syntax of piecewise command with the help
of example.
Write the syntax for the addition operation for any mwo

matrices of 3*3 order in the form of matrices.

4 1.500
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This question paper has four questions in all.

All questions are compulsory.

1 Hero Auto has three plants in Gurugram, Haridwar, and
Satvavedu, and two major distribution centers in Delhi and
Nagpur. The capacities of three plants during the next quarter

are 500, 1000, and 700 cars and demands at the two distribution

P.T.O.
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centers are 1300 and 900 cars. The transportation costs per car

on the different routes, rounded to the closest rupees, are given

in the following table :

Table : Transportation Cost per Car

Gurugram (1)
Haridwar (2)

Satyavedu (3)

Delhi (1)°  Nagpur (2)
Rs. 100 Rs. 235
Rs. 120 Rs 128
Rs. 122 Rs. 88

Formulate the Transportation Model.

2 Attempt any five parts from the following :

()  Compare the initial basic feasible solutions obtained by

the Northwest-Cormer method and Least-Cost method for

the following transportation problem :

Destination
Source 11 13 17 14
16 18 14 10
21 24 13 10
Demand 200 225 275 250

3+3=6
Supply

250

300

400



(1)

(ifi)

(' 3. ) 2306

Five men are available to do five different jobs. From past
records, the time (in hours) that each man takes to do
each job is known and given in the following table. Find
the assignment of men to jobs that will minimize the total

time taken. 6
Men
e 3 4 5
A |3 8 2 10 3
B |8 7 2 9 7
Jobs C |6 4 2 7 5
D|8 4 2 3 5
E|9 10 6 9 10

Consider the oil pipeline network shown in the following
figure. The different nodes present pumping and receiving

stations. Distances in miles between the stations are

shown on the network :

50,000 60.000 (Gallons)

P.TO.
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(@) Identify pure supply nodes, pure demand nodes,

transshipment nodes and buffer amount.

(b) Only develop the corresponding transshipment

model table. 2+4=6

Midwest TV Cable Company is in the process of providing
cable services to five new housing development areas. The
adjoining figure depicts possible TV linkages among the
five areas. The cable miles are shown on each arc.
Determine the most economical cable network starting at

node 6. 6

3 (miles)
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(v)  Draw the Network defined by the sets N=1,2,3,4,5,6} :

A={(12),2.3)(3.4),(4.5), (5,6),(1.5).(1,3).(1:6).3.6).3.5)}

Also_determine (a) a path (b) a cycle (¢) a tree (d) a

spanning tree. 6

(vi) The activities associated with a certain project are given

below : 2+143=6
Activity | Predecessors | Duration (Week)
A - 8
B - 10
(& - 8
D A 10
E A 16
F D, B 17
G & 18
H & 14
I F, G 9

(@) Develop the associated network for the project.

PTO.
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4
(b) Find the minimum time of completion of the project. f
:
> |
(¢) Determine the critical path and critical activities for
the project network. '
i
Consider the transportation model in the given table : 5+5=10 |
|
(@ Use the Vogel Approximation Method (VAM) to find a {
~
starting solution. ﬁ
(b)) Use this starting solution fo find the optimal solution by \
the method of multipliers :
X Y Z Supply
A 5 1 8 12
B 2 4 0 14
L 3 6 7 4 1
r

Demand 9 10 11



4,

Attempt any one from the following :

U

()

The network in the following figure gives the distances
in miles between pairs of cities. Use Dijkstra's algorithm

to find the shertest route between : 7+3=10

(@) cities | and 8

(b) cities 4 and 7.

For the network given in the following figure, the
distances (in miles) are given on the arcs. Arc(3, 4) is
directional, so that no traffic is allowed from node 4 to
node 3. List of all the other arcs allow two way traffic.
Use Floyd's algorithm to determine the shortest route

between :
(@) node 5 to node 2

(b) node 1 to node 4

P.T.O.




(¢) 'mnode 2 to node 3

(d) node 3 to node 5

(¢) node 1 to node 5

2306

5x2=10
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Instructions for Candidates

I, Write your Roll No. on the top immediately on receipt
of this question paper.

2. This question paper has FOUR questions in all.

3. All questions are compulsory.

1. Three electric power plants with capacities of 20,
40 and 30 million kWh supply electricity to three
cities. The maximum demands at the three cities
are estimated at 30, 35 and 25 million kWh. The
price per million kWh at the three cities is given in
Table

BULC),
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Ciy
1 2 3

1 |$600 $700 $400

Plant 2 |$320 $300 $350

3°|$500 $480 $450

The utility company wishes to determine the most
economical plan for the distribution. Formulate the
model as a transportation model. (5)

2. Attempt any FIVE parts from the following :

(i) For the Network given below, determine (a) a
path (b) a cycle (c) a tree (d) a spanning tree
(e) the sets N and 4 (6)
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(i) Compare the initial basic feasible solutions

obtained by the Northwest-Corner method
AND Least-Cost method for the following

transportation problem. (3+3=6)
Warehouse
1 2 3 4 Supply
1 10 2 20 11 15
Factory 2 12 7 9 20 25
3 4 14 16 18 10
Demand 5 15 i5 15

(ii) Solve the following Assignment Problem using
Hungarian Method. The Matrix entries represent

the processing times in hours.

(6)

Operators
1 2 3 4 5
1 9 11 14 11 7
2 6 15 13 13 10
Jobs 3 12 13 6 8 8
- 11 9 10 12 9
5 7 12 14 10 14

P.E.G
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(iv) The network in figure shows the routes for
shipping cars from three plants (nodes 1, 2
and 3) to three dealers (nodes 6 to 8) by way of
two distributioil centers (nodes 4 and 5). The
shipping costs per car (in $100) are shown on
the arcs.

(a) Identify pure supply nodes, pure demand
nodes, transshipment nodes and buffer

amount.

{(b) Only develop the corresponding transshipment
model table. (2+4=6)

{v) A Company is in the process of providing cable
service to five new housing development areas. (6)
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Figure below depicts possible TV linkages among
the five areas. The cable miles are shown on
each arc. Determine the most economical cable

network starting at node 4.

(vi) The activities associated with a certain project

given below (2+1+3=6)
Activity Predecessors Duration (Week)

A: -- -+

B: -- 3

c: AB 2

D: AB 5

E: B 6

E: C 4

G: D 3

H: F.G 7

I F.G 4

: b EH 2

P.T.O.
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(a) Develop the associated network for the
project.

(b) Find the minimum time of completion of
the project.

(c) Determine the critical path and critical
activities for the project network.

3. Consider the transportation model in the given
table,

(a) Use the Vogel Approximation Method (VAM)
to find a starting solution.

(b) Hence find the optimal solution by the method

of the multipliers. (5+5=10)
Destination Supply
S0 $2 %1 6
Source S2 S1 SS 9
S2 S$4 $3 5
Demand 5 5 10

4. Attempt ANY ONE from the following :

(1) For the network given in the following figure,

!
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the distances (in miles) are given on the arcs.
Arc (4, 5) is directional, so that no traffic is
allowed from node 5 to node 4. List of all the
other arcs allow two way traffic. Use Floyd’s
algorithm to determine the shortest route
between (5%2=10)

(a) node 5 to node 2
(b) node 1 to node 4
(c) node 2 to node 3
(d) node 3 to node 5

(e) node 1 to node 5

(i) Use Dijkstra’s algorithm to determine the
shortest path (6+4=10)

(a) From node 1 to 5
(b) From node 2 to 7

Pl L
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If x and y
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9 Justify.
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(c) Solve the following system -(;f linear equations using the
Gauss-Jordan method :
2, +x; +3x3=16
2x; + 12x; = 3% =35
3, + 2xy + x4=16 6%

(@) Define the rank of a matrix and determine the rank

() Prove that the matrix [11 -3 2 | cannot be

diagonalized. ' 6
(¢) Let V be a vector space over R, then for any vector v
in V and every nonzero real number a, prove that

av = 0 if and only if v = 0. 6



(a)

®

(c)

(a)

) 2980

S P T DI

of 2 x 2 real matrices. Use the Simplified Span Method
to find a simplified form for the vectors in span(S). Is the
set S linearly independent ? Justify. 4242
Define a basis for a vector space. Show that the
set :
B={[-1,2-3], [3, 1, 4], [2, -1, 6)}

is a basis for R3, 2+4%
Using rank, find whether the non-homogeneous linear

system Ax = b, where

e L 1
A={1 =2 9ls=|2
0 113 3

has a solution or not. If so, find the solution. 4+2%
Consider the ordered basis S = {[1, 0, 13,11 1, 0},
[0, 0, 17} for R3. Find another ordered basis T for R3 such

that the transition matrix from T to S is : 6

P.TO.
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(e)

(@)

{( 4 ) 2980

Suppose L : R2 -5 R2 45 4 linear operator and
L1, 1) = [l. -3] and L([-2, 3D = [+, 2). Express
L(1, 0]) and ([0, 1]) as linear combmatlons of the vectors
[1, 0] and [0, 1. 6

Let L : R? 5 R? pe (he linear transformation given

by :

L », 2D) = [-2¢ + 3z, x + 2y -]
Find the matrix for L with respect to the bases -
B={1,-3, 2], [4,3 =31 [2, -3, 21} for R3
and C = {(-2, 1], [5, 3]} for R2. 6
For the graphic figure below, use homogeneous
coordinates to find the new vertices after performing a
sealing about the point (3, 3) with s&le factors of 3 in
the x-direction and 2 in the y-direction. Then sketch the
final figure that would result from this movement : 4+214
J’Jr _
2,5 (5, 5)

(7.3)

@1 G.1)




6.

S 1] =3 x,
=EES ] X
22 3 5 Xy

Find a pasis for ker(L) anqg a basis for range (L), also

verify the dimension theorem, 442y,
(€©)  Show that a Mapping | -. P, 5 P, given by
Llp() = p) + P is an iSOmorphism, where P, is the

Vettor space of al| polynomia|s of degree 2 6
@ Let w be the Subspace of R3 whose vectors lie in the

Plane 3y TX Az =i ey i [2, 2, ~3]€ BY ‘Fnd
proj . v, and decompose V into W, + W5, where

"I € W angd Wi & W s e decomposition

unique 9

PTO.
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(6)  For the subspace W = {x.pz]e R3:2¢ Jy+z=0)
of R, find a basis for W and the orthogonal complement

W+, Also verify that : .
dim(W) + dim(W+) = dim(R3). 4+2

1. = 0

-

© If A=|a 1 .b=4,z=[
43 5

J- Find vector v

satisfying the inequality : '
Ay — b < || Az — b). 6
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(a)

(b

¢ 2% ) 3104

Define a countable set. Show that S is countable if there

exists a surjection of N to S. 75

(/)  State and prove Archimedean property of R.

(i)  Show that for a, be R

|a+b] |a| |b|
1+1a+b1£1+|a1+1+1b1' 3.5+4

Let (x,) be a sequence of positive real numbers such

that :

Xn+1

= lim
n— e XH

exists. If I < 1, then show that (x,) converges 1o 0. Hence

deduce that :

lim —=0. 75

n—3ee 2N

State and prove squeeze theorem. Use it to determine the

|
limit of the sequence ((n!);?]. 15



(¢)

(a)

(&)

(c)

s D) 3104

(/) Define a convergent sequence and a Cauchy
sequence. Show that every convergent sequence

is a Cauchy sequence.

(i)  Show that the sequence (3”) does not converge. -

5+2.5

State and prove Cauchy convergence criterion for

infinite series.’ 6.5

State root test for an infinite series and test the convergence
of the following series :

2

oo "n
(@) 5.7 g
n=1 (n + l)”z
) BT TE . _ 65

n=1

Test the convergence of the following series :

n!
U 357 . (2 +1)

n=1

i 3 m 3435

n=1

P.T.O.
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(b)

(©

State limit comparts

series and

series ° J
- 1

(1) et
e = 1

" 1
@ L Jrtegnes

H=

Show that every abs

convergent. Is the
Test the convergence an
following series :

sm nat

() 2 (==

n=1
2 —1"n

(i E n+2

(a) Determin

series |

ison test for a positive term |

hence test the CORVErgENce 0

converse true ? Justify.

e the interval of convergenc

infinite

f the following

olutely convergent series in R 18

d absolute convergence of the

aeR
33

e for the power

= xn—l
S =%

n=

1 n
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()

(@)
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Derive the power series expansion for fix) = .
Prove that :

X o =—2 for|x(<|

[ | (l b - x)

and evaluate :

« n(=1)"
w 3 L

n=]

Find the radius of Convergence of the power series

22 3L
x-—;+5—3— —4—.1' +

Find a power series representation of :

|
24+ x

flx)=

x

and its domain,

5

PT.O.
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Instructions for Candidates

L. Write your Roll No. on the top immediately on receipt
of this question paper.

2. Using any one of the CAS :=Mathematica/Maple/
Maxima/any other to answer the questions.

3. This question paper has four questions in all.

4. All questions are compulsory.

1. Fill in the blanks : (8%1=8)

(i) The
assigning value 2 to a variable x.

operator is to be used while

(i) The output given on input « is

P.T.0.
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(1)

(iv)

(v)

(v1)

(vii)

(viii)

2

The command which undoes the effect of Factor

command is the command.

The most recognized CAS was created

by Stephen Wolfram.

The command returns the nth derivative

of f with respect to X.

The __ brackets are used to group terms

in algebraic expressions.

The command is used to find the

quotient when one polynomial is divided by

another.

The option causes the left hand limits

to be computed by the ‘Limit’ command.

2 Write a short note on any four from the following :

(1)

(i1)

(i11)

(4x2.5=10)

How to find the limit of a function at a point in
any CAS?

How to find maxima and minima of a function in
any CAS?

How to differentiate a function in any CAS?
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(iv) How to find eigenvalues and cigenvectors of a
given 3x3 matrix in any CAS?

(v) Differentiate between the commands ‘Solve’ and
‘NSolve’.

(vi) Differentiate between the commands  AxesLabel’
and ‘PlotLabel’.

3. Write the output of any five from the following :
(i) Linﬁt[Sin[x],x-—)lnﬁnity]

Sin[x] x— Infinity]
X

Limit{

(i) Solve [ax+ by=cd xtey= £, {x,¥}]
Solve[x == 0]//Grid

(ii1) x=RandomInteger[ 1;
{2 x,2 %}

(iv) Plot[x'?, {x,-8.8}]
Plot[Cos[x],{x,O,Pi},Ticks — {Range[O,Pi,Pi!
2],Automatic}]

V) glx_1: =x"3 - 9x + 3
Solve[g’[x] == 0,x]
extrema = {x,g[x]}/.%

(vi) *diff(f(x) * g(x):x,2)=diff(F(x) * g(x).x.2);
« diFR(difR(x~6,x),X)=di Ff(diff(x"6,%).X);
P.T.O.
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(vii)

i 1=+

(g=Array[f,{3,2}])//MatrixForm

(h=Array[Min, {3,2}])//MatrixForm
g+h//MatrixForm (5%2=10)

4. Provide the Syntax of any four from the following :

(D

(1)

(iii)

(iv)

(v)

(vi)

Write the manipulate command in the plotting
of f(x) = x? + sinx using directive and blend
commands.

Write the command to sketch the graph of

f(x)z% and then evaluate the definite integral

of f(x) from x=1 to x=3.

Write the command to enter a matrix with the
integers 1 through 5 on the diagonal, 0 below
the diagonal, and 5 above the diagonal.

Write the syntax for finding eigenvalues and

eigenvectors of any 3x3 lower triangular matrix.

Write the command to get f(0) and f"/(1), where

E(x)=—>

1+x°

Graph the functions y=xsin(l/x) and

Xy

=,
x:+y

(4x2.5=10)

(300)
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At:empt all questions as directed questionwise.
SecTioN [
1. Attempt any five questions out of the following:
(a) Discuss the academic life of Hardy.
(b) Write a short summary on Cantor’s life.
(c) What was Ramanujan’s area of research?
(d) When did Hilbert publish its first book? What was the
foundation of that book?

(e) Mention any rwo achievements of Banach.

(f) Comment on the following statement: “Emmy Noether
was never given her due academically because she
was a woman, a Jew and a pacifist.” 3x5

PO,



SECTION II

2. Attempt any six questions out of the following:

(a) Define increasing and decreasing functions. Nlustrate
these functions with the help of examples.

(b) Define Circle Aand its diameter; 'What is the difference

between tangent and secant of a circle? Also define
Segment and sector of the circle.

(c) Discuss all possible symmetries of an equilateral
triangle.

(d) Show that the sequence of ratio of Fibonacci number
to the one preceding it converges to the golden ratio.

(¢) State the similarities and differen

ces between Mobius
strip and Klein bottle.

(f) Write short notes on any two of the following:
(i) Fractals
(i) Chromatic Number
(iii) Konigsberg Bridge problem.

(8) If sin x = =5/13, then

find the other trigonometric
angles,

5x6
SECTION 111

3. Attempt any five questions from the following:

(a) Use Gauss Jordan method to convert the following
matrix to reduced row echelon form:

2 1 8
1 -3 9|,
8§ 9 2



-_—#‘g::__————— =

3

. -4 10 0
(b)ForthematncesA= 5 -5 il and B =

8 =7 2
, find the rank of A+B.
5§ -1 0

- (c) Solve the
tions:

following homogeneous system of equa-

4x, —8x, — 2%, =0
3x, —5x, —2X; =0
2x, —8x, + X%, =0.

(d) Express the vector x = [2,—-1,4] as a linear combina-

tion of the other vectors, if possible:
a=[62],a= [2.10,-4].

(¢) Find the inverse of the coefficient matrix and hence
find the solution set of the system: :

—Tx, + 5%, +3%, =6
3x, — 2%, = 2X3 = -3
3x, —2x; —X; =2.

(f) Use Gauss Elimination method to give the complete
solution set of the following system of equations:

3x—-4y=2
Sx+2y=12
—x+3y=1

(g) Find A™" using row reduction for the matrix:

: 9. =2 3
+ A=|8 -4 9 5%6
-4 6 -9

200



