= (s

stance S is allowed to floy,

We now consider rate problems involving m (c.and the mixture is kept uniform by
into a certain mixture in a container ata cclrtam.ra ) ture simu](anCOUSl y flows out |
stirring. Further, in one such situation, this umformbl?l (her situation this may not |
of the container at another (generally different) rate; in an { the substance S present

be the case. In either case we seek to determine the quantity 0
in the mixture at time t. D
Letting x denote the amount of S present at time t, the derlvgtjve dx/dt d;no{es the :
rate of change of x with respect to t. If N denotes the rate at wl:ucn S er?ters the mixture |
and OUT the rate at which it leaves, we have at once the basic equation r
dx

- =IN - OUT (3.59) |

C. Mixture Problems

g mixtures. A sub

Ty

from which to determine the amount x of § at time t. We now consider examples

P Example 3.10

A tank initially contains 50 gal of pure water. Starting at time ¢ = () -

bri

2 Ib of dissolved salt per gallon flows into the tankat the rate of 3 gal/mi € containin g

0. The Mixture
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33 RATE PROBLEMS 95

is kept uniform by stirring and the well-stirred mixture simultaneously flows out of the
tank at the same rate,

How much salt is in the tank at any time t > (7

ll
2. How much salt is present at the end of 25 min?
3. How much salt js present after a long time?

Mathematical _Formulation. Let x denote the amount of salt in the tank at time (.
We apply the basic equation (3.59),

dx

i = IN - OUT.

The brine flows in at the rate of 3 gal/min, and each gallon contains 2 Ib of salt. Thus

IN={2 Ib/gal)(3 gal/min) = 6 Ib/min.
Sipce the rate qf outﬂo“.\l equals the rate of inflow, the tank contains 50 gal of the
mixture at any time . This 50 gal contains x Ib of salt at time t, and so the concentration

of saltat timetis 55x Ib/gal. Thus, since the mixture flows out at the rate of 3 gal/min, we
have ey ;

% e ) 3
OUT = (36 lb/ga:l)Q gal[mm) = 5—;— I.b/min.

Thus the differential equation for x as a furiction of ¢ is

Cdx _‘6 3x 356
cdr 50 (3.36)
Since initially there was no salt in the tank, we also have the initial condition
x(0)=0. (3.57)
Solution. Equation (3.56) is both linear and separable. Separating variables, we
have
dx 3
100 —x 50 d.

Tntegrating and simplifying, we obtain
x = 100 + ce 339,
Applying the condition (3.57), x = 0 at t = 0, we find that ¢ = — 100, Thus we have

' 100() 1 g = aila0y] vk o (3.58)

This is the answer to question 1. As for question 2, at the end of 25 min, t = 25, and
Equation (3.58) gives

x(25) = 100(1 —~ e~ %) = 78(Ib)

Question 3 essentially asks us how much salt is present as t — oc.. To answer this we let
t = a in Equation (3.58) and observe that x - 100.
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96 APPLICATIONS OF FIRST-ORDER EQUATIONS

P Example 3.11

A large tank initially contains 50 gal of brinc in which there ist;lisséolvcc__i 101 o .
Brinc containing 2 Ib of dissolved salt per gaflon flows 'g“’ it ;"k,'qt thig £
§ gal/min. The mixture is kept uniform by stirring, and the stirred Mixture g

neously flows out at the slower rate of 3 gal/min. How much salt is ifi the tanj i

time t > 0?
Mathematical Formulation. Let x = the amount of salt at time £. Again y,
use Equation (3.55):

f_’f_ =IN - OUT.

dt

Proceeding as in Example 3.10,

IN = (2 Ib/gal)(5 gal/min) = 10 1b/min;

also, once again _ |
OUT = (C Ib/gal)(3 gal/min),
where C Ib/gal denotes the concentration. But here, since the rate of. outflowis diﬁemf
from that of inflow, the concentration is not quite so simple. At time ¢ = 0, the tank

contains 50 gal of brine. Since brine flows in at the rate of 5 gal/min but flows out at the
slower rate of 3 gal/min, there is a net gain of 5 — 3 = 2 gal/min of brine in the tank:

-
7

Thus at the end of ¢ minutes the amount of brine in the tank is
50 + 2t gal. '?
Hence the concentration at time t minutes is

X

oz el
and so
3x
UT = i
50+ Ib/min.

Thus the differential equation becomes " i PPN

dx

o NI

dt 50 + 2t

M th " ag il i +hR J ¥oRERE 3 hd 7
Since there was initially 10 1b of salt in the tank, we have the initial condition

x(0)=10.

Solution. The g; : , .
) R Iﬂ' . . ; i% £ pprvipp s s ofe. .
In standard form, erential equation (3.59) is nor separable but jt r:slifﬁé‘a‘llrg‘.l;l.ittingf
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r“ 33 RATEPROSBLEMS 97

we find the integrating factor

'3 o 3/2
exp(jzt 7750 dt) = (2t + 50)~'~.

Multiplying through by this we have

(2t + 50)3“'2 + 3(2t + 50)12x = 10(2t + 50)*/2

or
J |
gr L2+ S072x] = 1021 4 50
Thus
(20 + 50)%2x = 2(21 + SO)2 + ¢
or |

c
x=4(t+25)+m.

Applying condition (3.60), x = 10 at t = 0, we find

= 100 + (50)3,2

or
¢ = —(90)(50)*? = —22,500,/2.

Thus the amount of salt at any time > 0 is given by

x =4t + 100 —
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15.

16.

17.

18.

19.

20.

A tank initially contains 100 gal of brinc In Wr'lslf::;;:‘:;; ;Z'c:';s;l;:ﬁ 50 lb'@r._sé,]rt 1
Starting at time ¢ = 0, brine contaning '4 b of k { anifort b nflo sin. |
the tank at the rate of 4 gal/min. The mixture 1s ;p i y "““_8 ang° |
well-stirred mixture simultaneously flows out of the tan € same Tate,__‘_ *

in?
(a) How much salt is in the tank at the end of 10 min’

(b)  When is there 160 Ib of salt in the tank?

A large tank initially contains 100 gal of brine in which 10 b of salt g dis.soﬁed.‘,
Starting at t = 0, pure water flows into the tank at the rate of 5 gal/mln,_m.

mixture is kept uniform by stirring and the well-stirred mixture snmultaneguﬂy" ;

flows out at the slower rate of 2 gal/min. s

(a)  How much salt is in the tank at the end of 15 min and what g the B
concentration at that time?

(b) If the capacity of the tank is 250 gal, what is the concentration at the instan
the tank overflows? ¥

A tank initially contains 100 gal of pure water. Starting at t = 0, a brine
containing 4 ib of salt per gallon flows into the tank at the rate of § gal/min. The
mixture is kept uniform by stirring and the well-stirred mixture flows out at the
slower rate of 3 gal/min. - :

(@) How much salt is in the tank at the end of 20 mip?
(b)  When is there 50 Ib of salt in the tank?

mixture leaves the tank at the rate of 4 gal/min.
(a) How much salt is in the tank at the end of one hour?

{b) How much salt is in the tank when the tank COntains o . i

0 Ve
A 500 liter tank initially contains 300 liters of fuid in wp hy gélll of bnne.._i, _
50 gm of a certain chemical. Fluid containing 3( &M per lFt there jg dissolved”
chemical flows into the tank at the rate of 4 liters /mjn iter of the dissolved
uniform by stirring, and the stirred mixture simu]tan%usly- ‘e Mixture s kept
2.5 liters/mip. How much of the chemicalis in the tank gy the"in;tom at the rate of

T L3 g . nt 1t 9
A 200 liter tank is initially full of fluid in which there j N overflows?

certain chemical. Fluid containing 50 gm per liter of thg chelrs:-o ved 49 gmofa
tank at the rate of 5 liters/min. The mixture is kept Unifory, blcal.HOWs into tha :
stirred mixture simultaneously flows out at the rate of 7 liters /mist"f ing, and the
the chemical is in the tank when it is only half full? 1 Hoy, Much of
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