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(3) Two oscillations of the same frequency moving in the ite direct; :
(4) Two oscillations of same frequency but perpendicu]a(; ?ome)zzgitdlgc(tlioi:ssagﬁ: (Fj,'."g Wa)ves).
igures),
1.4 SUPERPOSITION OF TWO COLLINEAR HARMONIC
OF SAME FREQUENCIES SRCIEATIONS

Let us consider the case of two simple harmonic motions of the same
moving in the same positive direction of x-axis with amplitudes a
o,. The displacements of two such harmonic motions are given by

X1 = a; cos(wt + o) : (129) -

period i.e. same frequency
and a, and phase constants o and

Xy = a, cOS(f + o) R (1.30)’
The resultant motion of the system, moving in the x-direction under the simultaneous effect of the two

nic oscillations, can be obtained analytically as follows. .
Making use of principle of superposition, according to which the resultant -

he sum of individual displacements, we get
X=Xt X

harmo :
Mathematical analysis:
displacement is €q ual to t

sy

” x=a COS(CUt + a]) + dz (COSW + O/’Z)
From a trigonometric expansion, : F5 T ;
| cos (@, + $,) = COS ¢ €05 g —Sin ¢y SN "
Ay e R sl t as ‘ . .
n write the resultant displacemen . 5 ¢ sin o)
i x=a, (cos ai cos oy —sin @/ sinc)+ a2 (ogu 0! a0 AT e (132)
. . i in ot - :
or | x= (a; cos 0y + a; €OS 04,)cos Wf — (a;sin oy +a sin 0p)st 139
Let = g, cos oy +a,COS 0 =4 cos 0 (1.34)
and a, sin a; +asin o = 4 sin 0 ues in eqn. (1 32), we get
L | b, : u A
where 4 and 8 are constants to be determined. Putting thes? e :
= A cos o cos —A sin &S0 (139

x =A cos(at + 6)
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~ This equation shows that the resultant displacement is ‘also a simplé harmonic motion of amplitude 4

..J . Ty
'§  and aphase constant 6, The angular frequency of the resulting'motion is the same as that of individual
& !

harmonic oscillations. The values of 4 and 8 can be determined from eqns. (1 :33) and (1.34). Squaring
and adding eqns. (1.33) and (1.34), we get St R T

' A (cos?6+ sin?) = (a, cosey + a, cosan)* + (a, sinoy + a; sina,) 7-
cos2|:)c| +_a§‘ (:oszogZ +2a,a, COs 0 COS O +aj sin o

Ar=af
s e | (i %, sin‘a, + 2a,a, sin @ sinoy T
0 © - 4 =a}+a]+2aa (cos eosa, + sin oysineg)
or... 2 - : A2 = a,2 +- a22 4;‘2a,a2 ‘C_OS(%V— o) . armlrels
or . P S AV2A‘= at +aj +2a,a, cosa s | :_'.v(l-36)‘

- where g=q, — @) is a constant phase and A the resultant amplitude at any point depends on the phage

- difference of the two Wwaves meeting at the point. .
The value of 6 can-be obtained by dividing equation (1.34) by eqn.’(1.33). Thus -

| ' asinoz;+azsinot2 R Ry S O

acosq, +a, cosa,

;Ir"gus we see tha_t the resultant of superposition of two collinear simple harmonic éscillations of same
A quency is a simple harmonic oscillation having an amplitude given by eqn. (1.36) and a constant
p ase, eqn. (1.37). The resultant oscillation has the same frequency .
Special cases: ' |
. (1) Superposition of two waves in the same phase, ie., a=0.
The resultant amplitude inthis case is given by ‘
4=(aj+ai +2a;a,cos 0)'2 - [From eq. (1.36)]

s

tah 6=

=(a? +al+ 2a,a)'? -
or A=(a,+a) C.(138)
2) Superposition of two waves in the opposite phase, i.e., o= .

The resultant amplitude in this case is given by
~ A=(af +aj +2a, a, cos 7)'"2

' = (af +a; - 2a, ay)'? [ cos m=-1]
or | A =(q, _Qz) ‘ ..(1.39)
Thus if the two sound waves or light waves of same frequency and having amplitudes a, and a, are
trevelling along the same line reach a certain point exactly in phase, then the resultant ampliltude at2 this
point would be (a, + a,) and hence a loud sound or maximum intensity in case of light waves. But, if
they arrive in opposite phase, the resultant amplitude will the (@)~ a,) and hence a feeble sound. For
intermediate phase difference, the resultant amplitude lies between (o +ay) and (a, - a,).

sraphical Method: Vector addition of si{np]e l}armonic motion gives a simple graphical method of
etting the resultant of two simple harmonic motloqs of equal frequencies, In Fig. (1.6a), let OP, bea
ector of length a;, making an angle of (@ + ;) with the x-axis at time ¢, where o is phase constant
id  is the angular frequency of the oscillations. The projection ON, of OP, on the x-axis is the .
splacement x;, of this motion at time #. Let OP, be a vector of length a, making an angle (ax + @)
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SUPERPOSITION OF HARMONIC OSCILLATIONS 13

with x=axis. Its projection ON; on x-nxis Is second harmonic motion ol same frequency @, amplitude .
4 u!\d phase constant ny, The superposition of two motions is given by the veetor OF which can be
obtained by parallologram law of vector sum of QP and 7/’ as shown in Fig (1.6b), the vector I/, 18
N X . ) f
equal to vector OF,. Since l,’ (ONy o gt 1 o, and l!i()Nz =l - 0y, the angle between or, and P/
is just @ = o = @ Thus, we have from rt. angle triangle POQ,
¥4 ‘ A
o P

} ' armoni 1 -axi ngular
Fig. 1.6. Addition of vectors, each representing simple harmonic motion along x-axis at ang

frequency © to give a resulting SHM displacement
‘ .‘ 2
A= (a, + ay cos 0) + (@ sin )

A?=a} +af +2aya, €08 O
| or

i vhich i 3 i ically (eqn. 1.36) |

| vhich is same as obtained analytical N |
| Wh“:r]hc total phase of resultant motion is given by |PON and let this 1s equal to (ct + 8) where Ois
the phase constant of the regultant motion. From Fig. (1.6b), we have

6=p+.o

«\‘

5 i) tan B + tanq,
= tan o) =
tan 6= tan (B + @ 1+ tan Btana,

a, sinat

now , ~tan = (where o= 0y — Oy)

a, +a, cosa

putting for tan f in the above equation and simplifying, we get

a, sina, +a,sina
tan §= ——— 22

| a, cosq, +a, Cos,
which is same as eqn. (1.37) obtained analytically.

1.5 SUPERPOSITION OF TWO SIMPLE HARMONIC OSCILLATIONS OF
DIFFERENT FREQUENCIES: BEATS

When two simple harmonic waves of slightly differing frequencies (e.g., from two tuning forks
£ T ] . : i 4t slne than tha eaciilt
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