6.2 THE TIME-DEPENDENT SCHRODINGER EQUATION

To begin with, we consider the one-dimensional motion of a free particle of
mass », moving in the positive ¥ direction with momentum p and energy £
Such a particle can be descnibed by the monochromatic planc wave

W(x, f)= A g/lm-Ei (6.1
whae 4 15 a constant. Differentiating wath respect to ¢, we have
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Mow, for a nonrelabvistic frec particle
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Thercfore, (6.2), (6.4) and (6.5) give
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Thes 1= the one-dimensional time-dependent Schrédinger equation for a free
particle.

Smee (5.6) 15 hnear and homogeneous, 1t will also be sahsfied by the wave
packet

Wix, f) = J;T - J gip) & E gy (6.7

which 15 a lirear superposition of plane waves and 15 associated wath a
‘localised” free particle. We have
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Uszing (6.5, the nght hand sides of the above two equations are equal, and hence
we obfain (6.6).

It 15 clear that the Schrddinger equation for a free particle satisfies the thres
restrictions that we mentionsd m section 6.1. To see how 1t satisfles the
correspondence prncrple, we note that this equabon 15, In a sense, the quanfum
mechameal ‘translation’ of the clas=sical equation (6.5), where the energy E. and
the momentum p are represented by differential operators’

E =m% (68)
and _ 3
P =_E'E (69)

respecitvely, acting on the wave funchon:
=3

EWix, f) = £ wix, 6.10

(x, ©) - (x, ) (6.10)

Az we shall see later, 1t 15 a posmiare of quantuny meechames that even when
the particle 1= not free, E and p ave still reprezented by the operators m (6.8)
and (6.9, respectively.

The above treatment can be easily extended to three domensions. Instead of
(6.1}, the expression for the plane wave 1s

W(r, /) = Ag"PFW (6.11)
The operator reprezentation of p would be
as

"It is customary to represent a variable and its opertor by the same symbol Wherever
there iz confision, a hat iz pui oo the symbol to represent the operafor, e g, E P.



which 15 equivalent to

(6.13)
Therefore, the Schridinger equation becomes
3
D R gage (6.14)
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Particle in a Force-field

Let uz now generabize the free-pariicle Schrédmeer equaton (6.14) to the case
of a parhicle acted upon by a force which 15 derrvable from a potental Fir, 6.
According to classical mechames, the total energy of the particle would be given
by

E=£ 4+ (6.15)
m

Smee Fdoes not depend on E -er,_ﬂ:ie above discussion for the free paricle
suggests that the wave fimction should sahsfy
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z0 that, the Schrodinger equation generzlizes to
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(Time-dependent Schridinger equation)
The operator on the nght-hand side 15 called the Hamilronian operator and
15 denoted by the symbol
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(6.17)

(Hamiltonian operator)

The name follows from the fact that mn classical mechames the sum of the
kmetic and the potential energies of a particle 15 called 1ts Hamiltonian.

The Schrédmger Equation (6.16), 15 the basic eguation of monrelativistic
quantum mechanics. It must be emphasized that we have mor derived 1t. Like
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